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Examples are sought of HausdorfI ring topologies on a field that are (i) arcwise connected; (ii) 
connected but not arcwise connected; (iii) totally disconnected but not ultraregular; (iv) ultraregu- 
lar but not basically disconnected; (v) basically disconnected but neither a P-space nor extremally 
disconnected; (vi) P-spaces; (vii) extremally disconnected. Examples of type (i), (ii), (iv) and 
(vi) are given. For a field with a ring topology, properties of F-zerosets are considered. In particular, 
it is shown that the intersection of each pair of F-zerosets is again an 
{(0, 0)} is an F-zeroset of F*. 
AMS (MOS) Subj. Class.: Primary 12599; secondary 54C20, 54C40 
comparable connected ring topologies 
extremally disconnected field 
F-zeroset if and only if 
Throughout this paper F will denote a field with a Hausdorff ring topology, i.e., 
a topology with respect to which multiplication and subtraction are jointly con- 
tinuous; and C(X, F) will denote the collection of continuous functions from a 
topological space X to F. 
In [35] and [4] analogues of standard results on C(X, R) and C(X, C), where 
R and C are the real and complex fields, are proved for C(X, F), where X and F 
are ultraregular. The original motivation for this paper was the desire to decide if 
there were analogues for connected fields other than R or C and for totally 
disconnected but not ultraregular fields. The trichotomy of fields into connected 
fields, ultraregular fields and totally disconnected but not ultraregular fields led us 
to first attempt to classify fields according to ‘how disconnected’ they are. 
In the first section we classify disconnected fields as summarized in the table at 
the end of the section, and we prove some maxima1 ring topologies are not first 
countable. In the second section we generalize [4, Theorem 4 and 51. In the third 
section we observe that only arcwise connected fields F have the property that every 
completely regular Hausdorff space is F-completely regular. 
For a topological space X, we let g(X), Y8(X) and Y&(X) denote the collections 
of all clopen sets, all countable intersections of clopen sets and all countable 
intersections of open sets, respectively. 
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1. Disconnected fields 
Our goal here is to classify disconnected fields. A Tychonoff topological space is 
a P-space (K,-space in the terminology of [36]) if every Y& is open; extremally 
disconnected if the closure of each open set is open; and basically disconnected if 
the closure of each cozero-set is open. One readily establishes (see [ 10,4J-N]) that 
an extremally disconnected or P-space is basically disconnected; a basically discon- 
nected space is ultraregular, and an ultraregular space is totally disconnected. Except 
by virtue of transitivity of implication, no other implication between these classes 
holds. It will be convenient to say that a topological space just has one of the 
disconnectedness properties above if it has that property but it does not have the 
next stronger property; e.g., just basically disconnected will mean basically discon- 
nected, but neither extremally disconnected nor a P-space. 
We further wish to classify fields according to how many algebraically important 
clopen sets they have. As in [33] we call a field (or additive topological group) 
non-Archimedean if it has a neighborhood base at zero consisting of open (hence 
clopen) additive subgroups. We call a field Archimedean or additively generated if 
it has no proper open subgroups and semi-Archimedean if it is neither Archimedean 
nor non-Archimedean. According to [I, Remark I], a P-space group is non-Archi- 
medean. 
Erdos (see [ 12, p. 651 or [ 10, 16L]) gave an example of a topological group, I,(Q) 
(Q the rational field), which is just totally disconnected. In [22] set-theoretic 
hypothesis implied by Martin’s axiom is used to construct a non-Archimedean 
extremally disconnected topological group. 
We give a proof of a theorem of Malyhin [22] which allows us to add a statement 
to the conclusion of his theorem. 
Theorem 1. If G is a nondiscrete Hausdorflextremally disconnected group, then {x E G( 
order x s 2) is a neighborhood of the identity, and G does not have a base of open 
sets at the identity totally ordered by inclusion. In particular, if G is the additive group 
of aJield with a ring topology, then the characteristic of theheld is two, and the topology 
is not a field topology. 
Proof. Let % be the collection of open symmetric neighborhoods of the identity e. 
First suppose that each U E “11 has an element of order greater than two. For U E % 
choose x E U such that x # x-l and disjoint open subsets V, of U such that x E V,, 
X-]E V, and eE V,. If V(U)= V,n If,‘, then 
(*) V( U) is a nonempty open subset of U such that V(U) n [ V( U))‘] = fl and 
eg V(U). 
Call a function V with domain S? c 021 separated if V(U) satisfies (*) for all U E ‘8’ 
and [U% V(U)] n [lJ% V( U)-'1 = 0. If V is maximal separated (i.e., has no separ- 
ated extension), then e E E - E”, where E = I.& V( U). 
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Next suppose there is a totally ordered base at e. If G were extremally discon- 
nected, then the closures of the sets in the base would be a totally ordered base of 
clopen sets, from which we could select a subcollection W which is a base well 
ordered by reverse containment. For each WE TV choose nonempty disjoint open 
subsets V,(W) and V,(W) of W which are disjoint from the largest set in ?Y’ 
contained in W. As above E = Uw V,( W) shows G could not have been extremally 
disconnected. 
If G is a field with an extremally disconnected field topology, we may apply the 
first part of the theorem to the multiplicative group G*, since G* is open in G. 
Thus { 1, - 1) = {x E G ( x2 = 1) is a neighborhood of 1. (The author thanks the referee 
for pointing out that G can not have a field topology.) 0 
With slight modification, the second paragraph of the proof above shows an 
extremally disconnected topological space has a totally ordered base of open sets 
only at isolated points. 
In an ultraregular topological space (X, Y), one easily sees that every set in %(X) 
is a union of sets in +Z6(X). Thus these three conditions are equivalent: 
(1) X is a P-space; 
(2) X is ultraregular and V6(X)c 5; 
(3) X is ultraregular and Z6(X) = Y(X). 
Countable subfields of P-space fields, in particular the rational subfield of a field 
of characteristic zero, are closed and discrete [ 10,4K]. Basically disconnected spaces 
(or more generally F-spaces; see [lo, 14N)) do not have any convergent sequences 
of distinct elements. Therefore basically disconnected topologies are not weaker 
than nondiscrete first countable topologies, and basically disconnected spaces do 
not contain any nondiscrete first countable subspaces. 
Let A* denote the nonzero elements of a set A. 
Example 1. If u is a valuation on F such that u( F*) has no countable coinitial set, 
then the topology FU induced by u is a P-space. Any maximal ring or field topology 
(cf. [32, Theorem l])] containing .!YU is not first countable. 
Lemma 2.1. Let E be a countable commutative integral domain. Let Y be a nondiscrete 
HausdorfJ; first countable ring topology on E, and let {a,,} be a sequence of nonzero 
elements T-converging to zero. There exists a nondiscretejirst countable ring topology 
Yjner than .T such that {a,,} is bounded away from zero with respect to 9. 
Proof. We proceed as in the proof in [28,2.3] (also see [ 193) of the analogous result 
for Abelian topological groups. 
Let {I?,}, n z 1, be an increasing sequence of finite sets whose union is E, and 
let {U,], n 2 0, be a neighborhood base at zero such that U, = - U, and 
(~“+,+U,+,)u(U2,+,)u(B,+,U,+,)C U”. 
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Let {X,,}, n 2 0, be a sequence of indeterminates; let W,, = (0, *X,,}, n 3 0, and 
inductively define 
W”, = w,, u ( Wn,m+, + W”,,,,) u ( I+?,,+,) u (&I+, W&n+,) 
for m < n. Each set W,, is a finite set of polynomials, and, as in [28, 1.31, W,,, 
increases as n increases and as m decreases. Let A be the range of {a,,}, and let p 
be a nonconstant polynomial in E[X,,]. We show p-‘(C,&) is an open dense set. 
Since pm’( CA) -p-‘( CA) = pm’(Oj is finite, p-‘( CA) is dense if and only if p-‘( CA) 
isdense.Ifp(x)~A,(p(x)+U)nA={p(x)}andp(x+V)=p(x)+Uforneighbor- 
hoods U and V of zero, then p([x+ V] - H) A A = 0, where H is the finite set of 
zeros of the polynomial p( X,,) -p(x). Thus, for each choice of elements d,, . . . , d, E 
E,D,={xEElp(d,,..., d,_, , x) E A for any p E W,,, such that p(do, . . . , d,_,, X,) 
is not constant} is an open dense subset of E. We will choose a sequence {d,} in E 
suchthat,for V,,,={p(d,,,..., d,) lp E W,,,}, we have d, E U, and (UT=,, V,,,) n A = 
0. Choose any d,,~ Ug-[Au(-A)] (which . IS not empty because Au (-A) is 
nowhere dense). Having chosen d,, . . . , d,_,, we pick any d, E (Uz n D,) - A 
(which is not empty because Uz” n D, is a nonempty open set). Let p,, be the sum 
of the monomials of p belonging to E[X,, . . . , X,-,1. Now V,,,n A = 0, since by 
induction (in the order the sets W,,, are defined), p,, E Wn_,,,, for p E W,,,. Then 
V, = l,Jz=+ V,,, = U, and {V,,,} is a base at zero for .Y. 0 
Theorem 2. On every uncountable commutative integral domain E there are maximal 
ring topologies (and, if E is a jield, maximal Jield topologies) which are not jirst 
countable. 
(Arnautov [2, Theorem 93) All maximal ring topologies on a countable ring fail to 
be first countable. 
Proof. If E is uncountable, its quotient field F must have an uncountable subset 
T of E consisting of elements which are transcendental and independent over the 
prime subfield F0 of F. There is a valuation v on F such that v( F,,( T)*) has no 
countable coinitial set and v(T) is coinitial in v( F*). Then FU induces a nondiscrete 
P-space [lo, 4K4] ring topology on E, and any maximal topology finer than YUIE 
is not first countable. (Lemma 2.1 provides an alternate proof for countable commuta- 
tive integral domains of the weak version stated here of Arnautov’s theorem.) 0 
Example 2. The non-Archimedean, not first countable topology Y# on Q of Correl 
[7, pp. 43-471 is just ultraregular since P c Fz, where Y= is the (first countable) 
locally bounded topology having the integers Z as a preorder. 
Example 3. The topology in [15, p. 3991 of convergence in measure on k(T), where 
k is a locally compact field and k(T) is viewed as the field of rational functions 
over the set T of independent variables, is first countable and, therefore, not basically 
disconnected. 
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Examples of just ultraregular fields are easy to find. In addition to Example 2 
(see also [13] and [14]) and the obvious examples of disconnected topologies of 
nontrivial rank one valuations, just ultraregular fields are constructed in [23, Section 
1; 24; 25, p. 435; 25, Section 3; 321. From [27] we see that the topologies of valuations 
with values in an ordered field all may be obtained as topologies of real or group 
valued valuations, and, hence, they provide no new examples. We have found no 
examples of nondiscrete extremally disconnected fields, just basically disconnected 
fields or just totally disconnected fields. One sees from the results in [5], summarized 
as (l)-(3) of Theorem 3 below, that there are no just totally disconnected subfields 
of the complex plane. 
Theorem 3. Let F be a (topological) subfield of the complex field C with its usual 
topology. 
(1) dim F = 0 (i.e., F is ultraregular) if and only if F is totally disconnected; 
(2) dim F = 1 if and only if F is a proper connected subjield of C; and 
(3) dim F = 2 if and only F = C. 
Zf # F < c (where # denotes cardinality), then dim F = 0. 
We see that # F = c for F connected: Project an embedding of F in a cube onto 
some edge of that cube [42, 26C]. 
The author thanks K. Kunen for making the following observation: There is a 
dense subfield of C which is O-dimensional and has cardinality c; in fact, the field 
can be made algebraically closed. To do this let Z be a set of c mutually transcendental 
real numbers such that the algebraic closure, F, of Z is not all of C. All elements 
of F are of the form xt iy, where x and y are in the real-closure of Z within R. It 
follows that there is a clopen basis for F consisting of rectangles whose vertices do 
not belong to F. 
Since the minimal locally bounded topologies are precisely those induced by (real 
or group valued) valuations [9, 211 Theorem 3 and our earlier observation that 
non-Archimedean valuations induce P-space or just ultraregular topologies imply 
minimal locally bounded topologies are not just totally disconnected. In [26] Mutylin 
observes that every semi-Archimedean topology contains a non-Archimedean 
topology. Thus, he concludes a minimal (not necessarily locally bounded) topology 
is non-Archimedean (hence, again not just totally disconnected) or additively 
generated. 
Let .Y,, and .Y= denote the p-adic and the usual topologies, respectively, on Q. 
Since Y,, v .% is a semi-Archimedean topology obtained by taking a supremum of 
a non-Archimedean topology and an Archimedean topology, we investigate the 
possibility of using suprema to produce examples in other classifications described 
in the table at the end of this section. 
Topologies Y,, . . , .T,, on a set X are independent [39, 401 if U, E Y,, 1 s is n, 
and n:=, Ui = 0 imply U, = 0 for some i; an arbitrary family of topologies on X is 
independent if every finite subfamily is independent. We will write ~1,~ E instead of 
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!? when we wish to indicate the topology Y explicitly. Similarly, a,(E) = cl, E n 
cl, CE. For convenience, we assume for index set I that I = { 1,. . . , n} or Z+ c I 
(where Z+ denotes the set of positive integers). 
Lemma 4.1. Let F be the supremum of an independent family { Fi}is, of topologies. 
(1) Zf Ui is Yi-open, lsisn, then cl,&-):=, U,) =n7:+ ~1~~ U,; in particular 
cl, Ui = cls, u, . 
(2) If A is Y,-open or F-,-closed, then a,(A) = a,,(A). 
Lemma 4.2. (1) A supremum of a jnite number of P-space topologies is a P-space 
topology. 
(2) A supremum of ultraregular spaces is ultraregular. 
(3) A topology$ner than a totally disconnected topology is totally disconnected. 
Theorem 4. Let F be the supremum of an independent family { F,},r, of topologies on 
X. 
(1) If .Y is extremally disconnected, then Ti is extremally disconnected for each i E I. 
(2) If ~7 is basically disconnected, then 5, is basically disconnected for each i E I. 
(3) Zf (X, 9,) has a closed but not open Ce,, then (X, 9) is not a P-space. 
(4) If I # (1) and FL is ultraregular for i # 1 and .Y, is not basically disconnected, 
but has a base of open sets with finite boundaries, then Y is just ultraregular. 
Proof. (1) Suppose 5, is not extremally disconnected. For some U E Y,, clg, U is 
not T-,-open, i.e., a,(cl,, U) # 0. Simply observe U E .Yanda,(cl, U) = a,,(cl, U). 
Proceed similarly for (2). 
(3) If A is the specified &, then A is a closed ?$ with respect to 5 and 
MA) = a,,(A) Z 0. 
(4) Let B3, be a Yi-base of Yi-clopen sets for i # 1, and let 93, be a Y,-base of 
open sets with finite Y,-boundaries. The family 3 of all intersections net, B,, where 
Bj E B3, for all i and all but finitely many Bi = X is a base for x The subfamily of 
all nBi E 5%’ such that Bz n a,,( B,) = 0 is a Y-base of clopen sets. q 
In (4), even with independence omitted from the hypothesis, Y is ultraregular. 
According to Theorem 4, the topology FU v 9, where YU is the P-space topology 
of Example 1 and 4 is a-just ultraregular topology (e.g., one induced by a nontrivial 
rank one valuation on F), is just ultraregular (and not just basically disconnected). 
Example 4. Let Ym be the usual topology on R. By [38, Corollary 2.31, for each 
field topology Y on R not stronger than Ym, 9m and 9 are independent. If also 
Y is ultraregular, then Tav 9 is just ultraregular. If 9 is any ultraregular ring 
topology, then, by the remark following Theorem 4, 5r v 5 is ultraregular. 
We make a simple observation concerning YE v Y, for Y induced by the valuation 
1 Ix defined as follows: Let Tu {x}, where 0 <x < 1, be a transcendence base of 
R/Q, and let ) Ix be a rank one extension of the x-adic valuation on Q(T)(x) to 
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R, with Ix],<x. For S:(O) ={a E RI Ial,< r}, the ‘natural’ Ymv Y-base at zero 
{(-r, r) n S:(O)},,, contains the subcollection {(-l/n, I/n) n S;,,(O)},,,+ which is 
a Ye v F-base at zero consisting of clopen sets and the subcollection {(-x”, x”) n 
S:,‘(O))“,, + which is a Ymv Y-base at zero containing no clopen sets. 
Our few positive results are summarized in Table 1. Naturally arising open 
questions include, in addition to how to complete the table: 
(1) Can a simple or algebraic extension of a disconnected field be connected? 
(2) For (T an automorphism of C which is discontinuous with respect to the usual 







just totally disconnected 
just ultraregular 
just basically disconnected 
extremally disconnected 1 P-space 
(nondiscrete) 
(3) Is every topological field with a base at zero consisting of open sets with 
finite boundaries ultraregular or topologically isomorphic to R? 
(4) If the discrete topology is the only first countable ring topology on F finer 
than the given one, is F a P-space? 
(5) There are ring topologies on a field that are not normal [31]; are there ring 
topologies that are ultraregular but not ultranormal? 
2. F-zerosets 
The sets Z(f) = {x E X If(x) = 0}, where f~ C(X, F) will be called F-zerosets. 
Z,(X) will denote the collection of all F-zerosets in X. For S, Tc X and A c 
C(X, F), we say S and T are A-completely separated if there is a function in A 
which carries all elements of S into zero and T into one. 
In [35, Theorem 3.3(d)] and [4, Theorems 4 and 51 it is shown that, with suitable 
hypothesis, an intersection of two F-zerosets is again an F-zeroset. We generalize 
these results, partly by calling attention to what the proofs in [4] actually show. 
Theorem 5. (1) q,(X) c Y$(X), f or all X, ifand onfy if {0} E Y&(F) (i.e., if and onZy 
if the pseudo-character (cI( F) c K,). 
(2) Z,(X) c g,(X), for all X, $and onfy if (0) E g8e,( F). 
(2a) (0) E g,(F) if (i) F is countable or (ii) if there is an ultraregular ring topology 
Y on F weaker than or equal to the given topology on F and a countable subset of F 
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not discrete in the topology induced by Y, (Also see [29, Section l] for conditions on 
X equivalent to Z,(X) c Y6(X).) 
(3) Suppose K is a field with a Hausdorfl ring topology. Z,(X) c Z, (X), for all 
X, if and only if (0) E ZK (F). 
(4) Z,(X) is closed under finite intersections, for all X, if and only if ((0, 0)} E 
Z,(F x F). If these equivalent conditions in (4) hold and inversion is continuous, then 
disjoint F-zerosets are C(X, F)-completely separated. 
Proof. (1) and (2) follow from the fact (0) = Z(e), where e(a) = LY for all (Y E F, 
and the fact nU, = (0) implies nfi( U,) = Z(f). 
In (2a), if F = (0, a,, ox,. . .}, then, as in Theorem 3, F is not connected. Thus, 
if Ei is a clopen set such that 0 E Ei and ai e Ei, then nEi = (0). If the range of {A,} 
has accumulation point 0, we use the first paragraph of the proof of [4, Theorem 
41, noting that A, E pP’ V,,,, (notation as in [4]) for some m (cf. proof of Theorem 
2 in [30]). 
(3) is established by considering composites. 
To show (4), let ri, i = 1,2, be the projection onto the ith factor of F x F. Then 
{(O,O)} = Z(n,) nZ(r,). Conversely, if {(O,O)} = Z(P) E Z,(Fx F), then Z(h) = 
Z(f) n Z(g) for h(x) = co(f(x), g(x)), and H separates disjoint Z(f) and Z(g) for 
H(x) = 0(x), O)lcp(f(x), g(x)). •I 
(1) and (2) above show that if one special zeroset of one special space is in %a 
or (es, then so are all zerosets of all spaces; (3) and (4) have similar interpretations. 
Theorem 6. If there is a sequence of nonzero elements in F which converges to zero, 
then, for aZZX, %e,(X)cZ,(X)c +&s(X). If also {O}E%&(F), then %8(X)=Zr(X). 
The proof is as in [4, Theorem 41. 
Example 5. Let F be a nondiscrete P-space. Then, since {0} E Z,(F)- &(F) c 
Z,(F)--%‘(F), we have ‘%‘(F)=(e,(F)~Z,(F)~ S&,(F). 
Theorem 7. ((0, 0)) E Z,(F x F) if any of the following conditions holds: 
(1) F is not algebraically closed. 
(2) (0) E Y,(F) and there is a sequence of nonzero elements in F converging to zero. 
(3) 7’he topology of F is induced by a valuation (which happens, in particular, if F 
is has the discrete topology). 
(4) F contains a (topological) subfield K such that (0) E Z,(F) and ((0, 0))~ 
Z,(K x K). 
Proof. (1) Let cp(s, t)=C:=o aisitnei, where Cy+ crit’ is irreducible and n > 1. 
(2) If (0) E %T8(F), then {(O,O)} E TQ(F x F).Now apply Theorem 6. 
(3) We may assume F has more than two elements and is topologized by a 
non-Archimedean valuation. Define functions g + (Ye and g -+ & from IF\ to F such 
that ]cygl = I/3,] = g and, for g f 0, ‘Ye+&. # 0. Define cp(s, t) = CQ+&. 
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(4) For {0}=2(h)~Z~(F) and {(O,O)}=Z(~)EZ~(K,K), let cp(s, t)= 
@(h(s), h(t)). 0 
Example 6. If F = K(i), i @ K, has a topology with respect to which conjugation 
((Y + pi)” = (Y -pi is continuous, then NF,K (t) = tt” E K and Z( NF,K) = (0) E 
Z, (F). Since K is not algebraically closed ((0, 0)) E Z, (K, K), and the hypothesis 
in (4) above is satisfied. In Example 8 below, C is given a nondiscrete topology 
(distinct from the usual one) with respect to which conjugation is continuous; with 
this topology, C satisfies only condition (4) of Theorem 7. 0 
Since there are nondiscrete Hausdorff ring topologies on every infinite field 
[19,26], which may be assumed first countable if F is countable [32], there are 
nondiscrete Hausdorff ring topologies on every infinite field with respect to which 
((0, O)] E Z,(F x F). 
It is possible that an intersection of two zerosets again be a zeroset for a particular 
pair X and F due to a ‘mismatch’ between their topologies resulting in C(X, F) 
being ‘small’. E.g., if X is connected and F is disconnected, only constant functions 
are continuous and Z,(X) = (0, X} (cf. Theorem 8). 
Example 7. Let X be a first countable Hausdorff space, and let F have a nondiscrete 
topology with respect to which all convergent sequences are eventually constant. 
Then C(X, F) consists exactly of the locally constant functions. Therefore, Z,(X) = 
T(X) is closed under finite intersections. 
Natural questions here are: 
(1) Does there exist a field F and a space X such that Z,(X) is not closed under 
finite intersections or such that some pair of disjoint zerosets are not C(X, F)- 
completely separated? M. Henriksen called the author’s attention to the open 
question in [17, Section lo] of the existence of a field with characteristic distinct 
from two not satisfying hypothesis (H): There exists a continuous function x + x* 
from F to F such that xx* + yy* = 0 implies x = y = 0. Clearly a field for which 
Z,(X) is not closed under finite intersections would fail to satisfy (H).) 
(2) Each of the following conditions implies the conditions listed after it, and 
(iv) [32, Theorem 31 is true if F is countable: 
(i) there is a nondiscrete first countable ring topology on F finer than the given 
one; 
(ii) there is a sequence of non-zero members of F converging to zero; 
(iii) there is a countable nondiscrete subset of F; 
(iv) there is a first countable ring topology on F weaker than the given one; 
(v) OE Y&. 
(The proof that (iii) implies (iv) is identical to the proof of Theorem 5(2a).) 
Any nondiscrete P-space topology is an example not satisfying (v). Any nondis- 
Crete topology of the form 2 v $1, where 2 is a P-space topology and 2, is first 
countable, is an example satisfying (iv) but not (iii). 
Do any of the implications above reverse? What if F is countable? 
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3. Connected fields 
We use the definition of F-completely regular space X and, for X F-completely 
regular, the definition of pF(X) in [4, Section 11. Thus a topological space X is 
F-completely regular if and only if it is homeomorphic to a relatively compact 
subset of a Cartesian product of some number of copies of F; and, for an F-completely 
regular space X, p,X is a compactification such that every continuous function 
from X into a compact, F-completely regular space has a continuous extension to 
P,X. 
Since any subset of a compact Hausdorff space is Tychonoff, every F-completely 
regular space is completely regular. It is natural to ask: for which fields F is the 
converse true? Clearly F must be connected, since a subspace of a product of totally 
disconnected spaces is totally disconnected. The next theorem says that for all 
Tychonoff spaces to be F-completely regular F must contain a homeomorphic (not 
necessarily isomorphic) image of R. 
Theorem 8. The following are equivalent: 
(1) F is arcwise connected. 
(2) Every Tychonofl space is F-completely regular. 
(3) For each Tychonoflspace X, /3,X exists and coincides with PX. 
(4) C( R, F) contains a nonconstant function. 
(4a) Z,(R) # 10, Rl. 
(5) For each Tychonoflspace X having more than one point, C(X, F) contains a 
nonconstant function. 
(5a) For each Tychonoflspace X having more than one point, Z,(X) # (0, X}. 
Proof. Clearly (l), (4), (4a), (5) and (5a) are equivalent; and (1) implies (2) because 
F contains a homeomorphic copy of R. We observe that (2) implies (1); If [0, l] 
is embedded in a product of copies of F, some projection is a path in F; thus 
[42,3 1.61 F is arcwise connected. Since pFX is defined only for F-completely regular 
spaces X, (3) implies (2). Finally, we see (2) implies (3): If X is Tychonoff, then 
X and PX are F-completely regular; the extension to /3,X of the injection of X 
into /3X shows /3,X > PX. 0 
Corollary 8.1. Suppose F is arcwise connected. Then Z,(X) c Z,(X) for all Tychonofl 
spaces X; Z,(X) = Z,(X) for all Tychono#‘spaces X if and only if (0) E Y&(F). 
Proof. Use Theorem 5 and note that a Y&-point is an R-zeroset. 0 
There are three constructions of connected fields other than R or C: Functions 
over a locally compact field with convergence related to convergence in measure 
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[41, 15, 6, 25,341; embedding of arbitrary discrete fields in connected ones [37,25] 
and proper dense subfields of C [5, 8, 181. Results on connected fields also appear 
in [30,31]. Of the three constructions, the first is arcwise connected when the locally 
compact field is R or C; the second construction is arcwise connected because an 
‘arc of indeterminates’ is adjoined; and the third construction is arcwise connected 
if and only if F equals R or C [5, Theorem 61. 
W. Wieskaw pointed out to the author that the fact that R is the only proper 
arcwise connected subfield of C also follows easily from [ 16, Proposition 1.31, which 
says (K -K)” # 0 for any planar continuum which does not lie on a line: Let K be 
the union of arcs connecting any three non-collinear points in an arcwise connected 
subfield. 
Theorem 4.1 of [16] states that if fi is a complete separable metric field and F 
is a subfield of countable codimension in 0 which is an analytic set, then F is 
closed and a finite extension of F is open. We observe that a field with a nondiscrete 
ring topology has no proper open subfields: If K is an open subfield of 0 and 
x E G, then there is a neighborhood V of 0, which we suppose contained in K, such 
that XVC K. For yE V”, XE y-‘K = K. 
Kallman and Simmons note, as a corollary to their Theorem 4.1, that there are 
subfields (of countable codimension) in R which are not analytic. We call attention 
to a related result: [20, Theorem] there is a collection of cardinality c Lebesgue 
nonmeasurable subfields of R, any two of which have intersection equal to Q; [20, 
Lemma 41 any Lebesgue measurable proper subfield of R has measure zero. Stronger 
versions of [20, Lemma 41 follow immediately from the standard result [12, 20.171 
that, if A is a subset (in a locally compact multiplicative group) with finite positive 
Haar measure, then (A-IA)” # 0: A connected locally compact Hausdorff topological 
group has no proper subgroups of positive Haar measure; a field with a nondiscrete 
locally compact Hausdorff ring topology has no proper subfields of positive Haar 
measure. 
We call a topology just connected if it is connected but not arcwise connected. 
Example 8. In [8] Dieudonne called attention to a topology on C obtained by 
considering K, c C, where K, is algebraically isomorphic to R and K, is a dense 
(just) connected subfield of C. K,(i) = K, + K, i (algebraically isomorphic to C) is 
given the product topology 9; of K, with its (valuation induced but not locally 
compact) subspace topology 9, from C (with the usual topology). Then K,(i) is 
just connected [42,27B2]. 
Choose K c K, such that ,Yi 1 K is connected and K(i) # C. As in [8] the comple- 
tion of (K(i), Sfl K(il ) is isomorphic to a two-dimensional complex algebra. Thus 
S:l K(i) is locally bounded [15,3.1] but not minimal [21, p. 1641. Therefore, there 
exists a valuation induced topology strictly weaker than S:l K(IJ [21, p. 1721. Indeed, 
TmI K(t) is easily seen to be such a valuation induced topology. By [S, Theorem 61, 
YaI K(i) is not arcwise connected. Thus there exist comparable (i.e., one weaker 
than the other) just connected topologies. 
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A slight modification of an example due to Mutylin yields a new construction of 
just connected fields and another example of comparable connected fields. 
Example 9. Let p and q be positive prime integers, and F,, be a subfield of C not 
containing a qth root of p. Let F, = FJP”~“) and let F=l._Jz==, F,,. As in [25, p. 
4351 each x E F has a unique representation C aipm~‘J, where ai E F, and 0 6 rnz/q”c < 
1; and 
where pmz”“’ E Fk, - Fk,_, and 1 ( denotes the usual absolute value, defines a norm 
such that the associated topology .YP is strictly finer than the usual topology .Yw 
on F and such that YV IF, = Fmj Fo. Thus, if Ym 1 F. is connected, Ym is just connected, 
and TV and Y_ are comparable. 
The author thanks W. Wieslaw for pointing out that every topological group 
(ring) can be embedded in an arcwise connected group (ring) [ll, 31, but there are 
topological fields, such as those in Example 1, that cannot be embedded in an 
arcwise connected field: 
Theorem 10 (Wieslaw, personal communication). If afield F with a Hausdorflring 
topology can be embedded in a field with an arcwise connected ring topology, then 
$(F)sK,. 
Proof. An arc, and hence an arcwise connected field K, has a convergent sequence 
of distinct elements. Thus $(K) s No (see Question 2 at the end of Section 2). If 
Fc K, then $(F)G I/J(K). 0 
We conclude with three questions: 
(1) Can the topological spaces that are F-completely regular for some proper 
dense connected subfield F of C be characterized intrinsically? 
(2) Can every field with a Hausdorff ring topology be embedded in a field with 
a connected ring topology? 
(3) In the first paragraph of [4, p. 991, one must assume that F, as well as X, is 
F-completely regular to insure p,X exists. This is clear if F is ultraregular [4, p. 931 
or arcwise connected (Theorem 8). Also, one readily sees F is F-completely regular 
if and only if each F-replete space is F completely regular. 
Theorem 11. (Warner, personal communication). A (topological) subfield F of C is 
F-completely regular if and only if F is R or C or disconnected. 
Proof. Certainly F is F-completely regular if F is R or C or disconnected (and, 
hence, ultraregular). Suppose F is a connected subfield of C distinct from R and 
C. Then, by [ 5, Theorem 61, a continuous function f : F + F is constant if the closure 
of f(F) in F is compact. But, by definition, F is F-completely regular if and only 
if the weak uniformity on F generated by the family of such functions f is compatible 
with the topology of F. Thus F is not F-completely regular. q 
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How do we complete the classification of fields F that are F-completely regular? 
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